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Abstract
We prove that in a 2-Calabi–Yau triangulated category, each cluster tilting subcategory is Gorenstein with
all its finitely generated projectives of injective dimension at most one. We show that the stable category
of its Cohen–Macaulay modules is 3-Calabi–Yau. We deduce in particular that cluster-tilted algebras are
Gorenstein of dimension at most one, and hereditary if they are of finite global dimension. Our results also
apply to the stable (!) endomorphism rings of maximal rigid modules of [Christof Geiß, Bernard Leclerc, Jan
Schröer, Rigid modules over preprojective algebras, arXiv: math.RT/0503324, Invent. Math., in press]. In
addition, we prove a general result about relative 3-Calabi–Yau duality over non-stable endomorphism rings.
This strengthens and generalizes the Ext-group symmetries obtained in [Christof Geiß, Bernard Leclerc, Jan
Schröer, Rigid modules over preprojective algebras, arXiv: math.RT/0503324, Invent. Math., in press] for
simple modules. Finally, we generalize the results on relative Calabi–Yau duality from 2-Calabi–Yau to
d-Calabi–Yau categories. We show how to produce many examples of d-cluster tilted algebras.
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Let k be a field and H a finite-dimensional hereditary algebra. The associated cluster cat-
egory CH was introduced in [12] and, for algebras H of Dynkin type An, in [19]. It serves
in the representation-theoretic approach to cluster algebras introduced and studied by Fomin–
Zelevinsky in a series of articles [8,21,22]. We refer to [23] for more background on cluster
algebras and to [1,2,10,11,14–18,28,33,34,46,47] for some recent developments in the study of
their links with representation theory.
The cluster category CH is the orbit category of the bounded derived category of finite-
dimensional right H -modules under the action of the unique autoequivalence F satisfying
D Hom(X,SY ) = Hom(Y,SFX),
where D denotes the duality functor Homk(?, k) and S the suspension functor of the derived
category. The functor F is τS−1, where τ is the Auslander–Reiten translation in the bounded de-
rived category, or alternatively, F is ΣS−2, where Σ is the Serre functor of the bounded derived
category. The cluster category is triangulated and Calabi–Yau of CY-dimension 2, cf. [38]. We
still denote by S its suspension functor. A cluster-tilted algebra [13] is the endomorphism algebra
of a cluster tilting object T of CH ; this means that T has no self-extensions, i.e.
Hom(T ,ST ) = 0,
and any direct sum T ⊕ T ′ with an indecomposable T ′ not occurring as a direct summand of T
does have self-extensions.
We will prove that each cluster-tilted algebra is Gorenstein in the sense of [5], cf. also [30],
and that its projective objects are of injective dimension  1 (hence its injective objects are of
projective dimension  1). We deduce that if it has finite global dimension, then it is hereditary.
In particular, if it is given as the quotient of a directed quiver algebra by an admissible ideal, then
this ideal has to vanish. We will also show that the stable category of Cohen–Macaulay modules
over a cluster-tilted algebra is Calabi–Yau of CY-dimension 3.
We work in a more general framework which also covers the stable (!) endomorphism algebras
of the maximal rigid modules of [27]. In our framework, the triangulated category CH is replaced
by an arbitrary triangulated category C with finite-dimensional Hom-spaces and which is Calabi–
Yau of CY-dimension 2, i.e. we have
D Hom(X,Y ) = Hom(Y,S2X), X,Y ∈ C.
This holds for cluster categories (including those coming from Ext-finite hereditary abelian cat-
egories with a tilting object, cf. [12,38], and also those coming from the Ext-finite hereditary
abelian k-categories in [43,44], see [38]), for stable module categories of preprojective algebras
of Dynkin graphs (cf. [7, 3.1, 1.2], [38, 8.5]) as investigated in [27] and also for stable categories
CM(R) of Cohen–Macaulay modules over commutative complete local Gorenstein isolated sin-
gularities of dimension 3, using [4]. The tilting object is replaced by a full k-linear subcategory
T ⊂ C such that, among other conditions, we have
Hom(T ,ST ′) = 0
B. Keller, I. Reiten / Advances in Mathematics 211 (2007) 123–151 125for all T ,T ′ ∈ T and where T is maximal for this property. We then consider the category
mod T of finitely presented (right) modules over T and show that it is abelian and Gorenstein,
and that the homological dimensions of the projectives and the injectives are bounded by 1. We
also prove that mod T is equivalent to the quotient of C by an ideal, thus extending a result of
[13], cf. also [49], and we generalize Theorem 4.2 of [13] to give a relationship between mod T
and mod T ′ for ‘neighbouring’ subcategories T and T ′ of the type we consider, where C is a
Calabi–Yau category of CY-dimension 2 whose cluster tilting subcategories have ‘no loops.’ We
give examples where T has an infinite number of isomorphism classes of indecomposables.
In Section 3, we show that the stable category of Cohen–Macaulay modules over T is Calabi–
Yau of CY-dimension 3. In the case where T is invariant under the Serre functor, this result was
first proved in [25]. It closely resembles the Ext-group symmetries proved in Proposition 6.2
of [27] for simple modules over non-stable endomorphism rings. We strengthen and generalize
these Ext-group symmetries in Section 4, where we prove a relative 3-Calabi–Yau duality over
non-stable endomorphism rings.
In Section 5, we generalize the results obtained on relative Calabi–Yau duality to d-Calabi–
Yau categories (cf. also [47,48]). We also show how to produce many examples of d-cluster
tilting subcategories in d-cluster categories. For further examples, we refer to [34].
2. The Gorenstein property
2.1. The main result
Let k be a field and C a triangulated k-linear category with split idempotents and suspen-
sion functor S. We suppose that all Hom-spaces of C are finite-dimensional and that C admits a
Serre functor Σ , cf. [44]. We suppose that C is Calabi–Yau of CY-dimension 2, i.e. there is an
isomorphism of triangle functors
S2 ∼−→ Σ.
Note that we do not exclude the possibility that there might already exist an isomorphism
Sd
∼−→ Σ for d = 0 or d = 1. We fix such an isomorphism once and for all. For X,Y ∈ C and
n ∈ Z, we put
Extn(X,Y ) = C(X,SnY ).
Assume that T ⊂ C is a cluster tilting subcategory. By this, we mean that T is a maximal
1-orthogonal subcategory in the sense of Iyama [33], i.e.
(a) T is a k-linear subcategory,
(b) T is contravariantly finite in C, i.e. the functor C(?,X)|T is finitely generated for all X ∈ C,
(c) we have Ext1(T ,T ′) = 0 for all T ,T ′ ∈ T , and
(d) if X ∈ C satisfies Ext1(T ,X) = 0 for all T ∈ T , then X belongs to T .
Note that condition (b) means that for each X ∈ C, there is a right T -approximation, i.e. a mor-
phism T → X with T ∈ T such that each morphism T ′ → X with T ′ ∈ T factors through T .
Condition (d) is self-dual (because of the Calabi–Yau property) and so are conditions (a) and (c).
Part (b) of the proposition below shows that the dual of condition (b) also holds for T .
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we have cluster tilting subcategories with an infinite number of isomorphism classes of inde-
composables. They arise from certain Ext-finite hereditary abelian categories with Serre duality
from [43,44]. For example, let
. . . ◦ ◦ ◦ . . .
be the A∞∞-quiver with linear orientation and H the category of its finite-dimensional represen-
tations over k. Let C = CH be the corresponding cluster category. The Auslander–Reiten quiver
of H is of the form ZA∞. Corresponding to a section of ZA∞ with zigzag orientation, there is a
tilting class θ for H in the sense of [43], that is
(a) Ext1(T1, T2) = 0 for T1, T2 in θ ,
(b) if, for X ∈H, we have Hom(T ,X) = 0 = Ext1(T ,X) for all T in θ , then X = 0,
(c) θ is locally bounded, i.e. for each indecomposable T1 of θ , there are only finitely many
indecomposables T2 of θ such that Hom(T1, T2) = 0 or Hom(T2, T1) = 0.
It is easy to see that θ induces a cluster tilting subcategory T in C.
By a T -module, we mean a contravariant k-linear functor from T to the category of vec-
tor spaces. We denote by mod T the category of finitely presented T -modules and by F :C →
mod T the functor which sends X ∈ C to the module T → Hom(T ,X). Note that, since idem-
potents split in T , this functor induces an equivalence from T to the category of projectives
of mod T . Following [5,30] we say that T is Gorenstein if the finitely presented projective
T -modules are of finite injective dimension and the finitely presented injective T -modules of
finite projective dimension. Statements (b), (b′) and (c) of the following theorem extend results
of [13], cf. also [49].
Proposition.
(a) The category mod T is abelian.
(b) For each object X ∈ C, there is a triangle
S−1X → T X1 → T X0 → X
of C with T Xi in T . In any such triangle, T X0 → X is a right T -approximation and X → ST X1
a left ST -approximation.
(b′) For each object X ∈ C, there is a triangle
X → ΣT 0X → ΣT 1X → SX
in C with T iX in T . In any such triangle, X → ΣT 0X is a left ΣT -approximation
and ΣT 1X → SX a right ΣT -approximation.
(c) Denote by (ST ) the ideal of morphisms of C which factor through an object of the form ST ,
T ∈ T . Then the functor F induces an equivalence C/(ST ) ∼−→ mod T . Moreover, in addi-
tion to inducing an equivalence from T to the category of projectives of mod T , the functor F
induces an equivalence from ΣT to the category of injectives of mod T .
(d) The projectives of mod T are of injective dimension at most 1 and the injectives of projective
dimension at most 1. Thus T is Gorenstein of dimension at most 1.
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travariantly finite in C and therefore T also admits weak kernels. This is equivalent to the fact
that mod T is abelian.
(b) Since T is contravariantly finite in C, there is a right T -approximation T0 → X. Form a
triangle
T1 → T0 → X → ST1.
For T ∈ T , the long exact sequence obtained by applying C(T , ?) to this triangle shows that
Ext1(T ,T1) vanishes. Thus T1 lies in T . Conversely, if we are given such a triangle, then T0 → X
is a right T -approximation because C(T ,ST1) vanishes for T ∈ T , and X → ST1 is a left ST -
approximation because C(T0, ST ) vanishes for T ∈ T .
(b′) We apply (b) to Y = S−1X and obtain a triangle
S−2X → T Y1 → T Y0 → S−1X.
Now we apply S2 ∼−→ Σ to this triangle to get the required triangle
X → ΣT Y1 → ΣT Y0 → SX.
(c) Let M be a finitely presented T -module. Choose a presentation
C(?, T1) → C(?, T0) → M → 0.
Form a triangle
T1 → T0 → X → ST1.
Since C(T ,ST1) = 0, we obtain an exact sequence
FT1 → FT0 → FX → 0
and M is isomorphic to FX. One shows that F is full by lifting a morphism FX → FX′ to a
morphism between presentations and then to a morphism of triangles. Now let X, X′ be objects
of C. Let f :X → X′ be a morphism with Ff = 0. By (b), we have a triangle
S−1X → T X1 → T X0 → X
with T X1 and T
X
0 in T . Since C(T0, f ) = 0, the morphism f factors through ST1.
For T ∈ T , we have
FΣT = C(?,ΣT ) = DC(T , ?)
so that FΣT is indeed injective. Since C(ST ′, S2T ) = 0 for T ,T ′ ∈ T , the functor F induces a
fully faithful functor from ΣT to the category of injectives of mod T and since idempotents in
C split, this functor is an equivalence.
(d) Given X = ΣT , T ∈ T , we form a triangle as in (b). We have
FS−1ΣT = FST = 0.
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of FΣT . Similarly, to obtain an injective resolution of FT , T ∈ T , we apply (b′) to X = T and
use the fact that FST = 0. 
Corollary.
(a) Each T -module is either of infinite projective (respectively injective) dimension or of pro-
jective (respectively injective) dimension at most 1.
(b) The category mod T is either hereditary or of infinite global dimension.
Proof. (a) Suppose that M is a T -module of finite projective dimension. Denote by ΩM the ker-
nel of an epimorphism P → M with P projective. Suppose that M is of projective dimension n.
Then ΩnM is projective. By induction on p  0, we find that Ωn−pM is of injective dimension
at most 1. In particular, M is of injective dimension at most 1. Dually, one shows the statement
on the injective dimensions. Part (b) is immediate from (a). 
2.2. Comparing neighbours
In this section, we briefly indicate how to generalize Theorem 4.2 of [13] beyond cluster cat-
egories, namely to Calabi–Yau categories of CY-dimension 2 whose cluster tilting subcategories
have ‘no loops.’ This hypothesis holds not only for cluster categories but also for the stable
categories of finite-dimensional preprojective algebras [27].
We recall some results from [33]. Let C be a Calabi–Yau category of CY-dimension 2. We
assume that for each cluster tilting subcategory T of C and for each indecomposable T of T , any
non-isomorphism f :T → T factors through an object T ′ of T which does not contain T as a
direct summand. Now let T be a cluster tilting subcategory. Then, according to [33], the results
on cluster categories from [12] generalize literally: For any indecomposable object T of T , there
is an indecomposable T ∗, unique up to isomorphism, such that T ∗ is not isomorphic to T and
the additive subcategory T ′ of C with indecomposables
ind(T ′) = ind(T ) \ {T } ∪ {T ∗}
is a cluster tilting subcategory of C. Moreover, there are approximation triangles
T ∗ → B → T → ST ∗ and T → B ′ → T ∗ → ST
connecting T ∗ and T such that B and B ′ belong to both T and T ′. With these notations and
assumptions, we get the following connection between mod T and mod T ′.
Proposition. Let ST and ST ∗ be the simple tops of C(?, T ) and C(?, T ∗) respectively. Then there
is an equivalence of categories
mod T /add ST ∼−→ mod T ′/add ST ∗ .
The proof, left to the reader, follows the proof of Theorem 4.2 of [13] and uses the previous
proposition.
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3.1. Reminder on exact categories
An exact category in the sense of Quillen [42] is an additive category A endowed with a
distinguished class of sequences
0 → A i−→ B p−→ C → 0,
where i is a kernel of p and p a cokernel of i. We will state the axioms these sequences have to
satisfy using the terminology of [24]: The morphisms p are called deflations, the morphisms i in-
flations and the pairs (i,p) conflations. The given class of conflations has to satisfy the following
natural axioms:
(Ex0) The identity morphism of the zero object is a deflation.
(Ex1) The composition of two deflations is a deflation.
(Ex2) Deflations are stable under base change, i.e. if p :Y → Z is a deflation and f :Z′ → Z
a morphism, then there is a Cartesian square
Y
p
Z
Y ′
f ′
p′
Z′
f
where p′ is a deflation.
(Ex2′) Inflations are stable under cobase change, i.e. if i :X → Y is an inflation and g :X → X′
a morphism, there is a coCartesian square
X
g
i
Y
g′
X′
i′
Y ′
where i′ is an inflation.
As shown in [35], these axioms are equivalent to Quillen’s and they imply that if A is small,
then there is a fully faithful functor from A into an abelian category A′ whose image is an
additive subcategory closed under extensions and such that a sequence of A is a conflation iff its
image is a short exact sequence ofA′. Conversely, one easily checks that an extension closed full
additive subcategory A of an abelian category A′ endowed with all conflations which become
exact sequences inA′ is always exact. The fundamental notions and constructions of homological
algebra, and in particular the construction of the derived category, naturally extend from abelian
to exact categories, cf. [37,41].
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jectives and where the class of projectives coincides with the class of injectives. In this case,
the stable category A obtained by dividing A by the ideal of morphisms factoring through a
projective-injective carries a canonical structure of triangulated category, cf. [29,31,39]. Its sus-
pension functor X → SX is constructed by choosing, for each object X of A, a conflation
X → I → SX,
where I is injective.
3.2. Reminder on Gorenstein categories
We refer to [5,6,30] and the references given there for the theory of Gorenstein algebras and
their modules in non-commutative and commutative algebra. In this section, we restate some
fundamental results of the theory in our setup.
Let A be a k-linear exact category with enough projectives and enough injectives. Assume
that A is Gorenstein, i.e. that the full subcategory P of the projectives is covariantly finite, the
full subcategory I of injectives is contravariantly finite and there is an integer d such that all
projectives are of injective dimension at most d and all injectives are of projective dimension at
most d . Let P (respectively I) denote the full subcategory of the projectives (respectively the
injectives) and Dbf (A) the full triangulated subcategory of the bounded derived category Db(A)
generated by the projectives (equivalently: the injectives). Call an object X of A projectively
(respectively injectively) Cohen–Macaulay if it satisfies
ExtiA(X,P ) = 0
(
respectively ExtiA(I,X) = 0
)
for all i > 0 and all projectives P (respectively injectives I ). Let CMP(A) (respectively CMI(A))
denote the full subcategories of A formed by the projectively (respectively injectively) Cohen–
Macaulay objects. Clearly, CMP(A) is an exact subcategory of A. Endowed with this exact
structure, CMP(A) is a Frobenius category and its subcategory of projective-injectives is P .
Dually, CMI(A) is a Frobenius category whose subcategory of projective-injectives is I . We
denote by CMP(A) and CMI(A) the stable categories associated with these Frobenius categories.
In analogy with a classical result on Frobenius categories (cf. [39,45]), we have the following
Theorem. [30] The inclusions
CMP(A) →A← CMI(A)
induce triangle equivalences
CMP(A) →Db(A)/Dbf (A) ← CMI(A).
The stable Cohen–Macaulay category of A is by definition CM(A) =Db(A)/Dbf (A). It is a
triangulated category and an instance of a stable derived category in the sense of [40].
We can make the statement of the theorem more precise: The canonical functor
A/(P) → CM(A)
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A/(I) → CM(A)
admits a fully faithful right adjoint whose image is CMI(A).
The stable Cohen–Macaulay category is also canonically equivalent to the triangulated cate-
gory ZA obtained [31] from the suspended [39] category A =A/(I) by formally inverting its
suspension functor S and to the triangulated category obtained from the cosuspended category
A=A/(P) by formally inverting its loop functor Ω . Thus, we have
CM(A)(X,SnY )= colimpA
(
SpX,Sn+pY
)= colimpA
(
Ωp+nX,ΩpY
)
for all X,Y ∈A.
We will need the following easily proved lemma (the statement of whose dual is left to the
reader).
Lemma.
(a) Suppose that all injectives ofA are of projective dimension at most d . Then SdY is injectively
Cohen–Macaulay for all Y ∈A.
(b) Let n 1 and X,Y ∈A. If SnY is injectively Cohen–Macaulay, we have
ExtnA(X,Y )/Ext
n
A(I, Y )
∼−→A(X,SnY ) ∼−→ CM(A)(X,SnY ),
where X → I is an inflation into an injective. If Sn−1Y is injectively Cohen–Macaulay, then
we have
ExtnA(X,Y )
∼−→A(X,SnY ) ∼−→ CM(A)(X,SnY ).
3.3. Modules over cluster tilting subcategories
Let C and T be as in Section 2. We have seen there that mod T is a Gorenstein category in
the sense of the preceding section.
Theorem. The stable Cohen–Macaulay category of mod T is Calabi–Yau of CY-dimension 3.
Note that, by Sections 3.2 and 2.1, the theorem implies that for all T -modules X, Y , we have
a canonical isomorphism
D Ext2modT (Y,X)
∼−→ Ext1modT (X,Y ),
where Ext1 denotes the cokernel of the map
Ext1mod T (I, Y ) → Ext1mod T (X,Y )
induced by an arbitrary monomorphism X → I into an injective.
The theorem will be proved below in Section 3.5. If T is stable under Σ , then mod T is a
Frobenius category. In this case, the theorem is proved in [25] using the fact that then T is a
‘quadrangulated category’ which is Calabi–Yau of CY-dimension 1.
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Consider the algebra A given by the quiver with relations:
3
β
2
α
4,
γ
αγ = βα = γβ = 0.
1
δ
It is cluster-tilted of type A4. For 1  i  4, denote by Pi (respectively Ii , respectively Si ) the
indecomposable projective (respectively injective, respectively simple) (right) module associated
with the vertex i. We have I1 = P3 and I3 = P4 and we have minimal projective resolutions
0 → P1 → P3 → I2 → 0, 0 → P1 → P2 → I4 → 0
and minimal injective resolutions
0 → P1 → I1 → I2 → 0, 0 → P2 → I1 ⊕ I4 → I2 → 0.
Thus the simple modules except S1 are injectively Cohen–Macaulay and the simple modules
except S2 are projectively Cohen–Macaulay. Therefore, we have
Ext1A(Si, Sj )
∼−→ D Ext2A(Sj , Si)
unless (i, j) = (1,2). Now dim Ext1A(Si, Sj ) equals the number of arrows from j to i and
Ext2A(Sj , Si) is isomorphic to the space of minimal relations from i to j , cf. [9]. Thus for ex-
ample, the arrow α corresponds to the relation γβ = 0, and similarly for the arrows β and γ .
Note that no relation corresponds to the arrow δ. The stable category CM(modA) is equivalent
to the stable category of the full subquiver with relations on 2,3,4. It is indeed 3-Calabi–Yau.
Consider the algebra A given by the quiver with relations:
2
β
1
α
δ
3,
ε
αε = εβ = δε = εγ = 0, βα = γ δ.
4
γ
It is cluster-tilted of type D4. We have P1 = I3 and P3 = I1. There are minimal injective resolu-
tions
0 → P2 → I1 → I4 → 0, 0 → P4 → I1 → I2 → 0
and minimal projective resolutions
0 → P4 → P3 → I2 → 0, 0 → P2 → P3 → I4 → 0.
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i, j are connected by an arrow, we have
Ext1A(Si, Sj )
∼−→ D Ext2A(Sj , Si).
Since there are neither arrows nor relations between 2 and 4, we obtain a perfect correspondence
between arrows and relations: the outer arrows correspond to zero relations and the inner arrow
to the commutativity relation.
Consider the algebra A given by the quiver
3
2 5
1 4 6
subject to the following relations: each path of length two containing one of the outer arrows
vanishes; each of the three rhombi containing one of the inner arrows is commutative. As shown
in [26], this algebra is isomorphic to the stable endomorphism algebra of a maximal rigid module
over the preprojective algebra of type A4. It is self-injective and thus Gorenstein. According to
the theorem, it is stably 3-Calabi–Yau, a fact which was first proved in [25] using the fact that
the projectives over A form a quadrangulated category. Note that the isomorphisms
Ext1A(Si, Sj )
∼−→ D Ext2A(Sj , Si)
translate into a perfect correspondence between arrows and relations: each outer arrow corre-
sponds to a zero relation and each inner arrow to a commutativity relation.
3.5. Proof of the theorem
Denote by mod T the quotient of mod T by the ideal of morphisms factoring through a pro-
jective and by mod T the quotient by the ideal of morphisms factoring through an injective. It
follows from Proposition 2.1 that the functor F induces equivalences
C/(T , ST ) ∼−→ mod T and C/(ST ,ΣT ) ∼−→ mod T .
Thus the suspension functor S :C → C induces a well-defined equivalence τ : mod T → mod T .
We first prove that Serre duality for C implies the Auslander–Reiten formula for τ in mod T . This
shows in particular that τ is indeed isomorphic to the Auslander–Reiten translation of mod T . In
the context of cluster categories, it was proved in [13] that the functor induced by S coincides
with the Auslander–Reiten translation on objects of mod T . Note that if C and mod T are Krull–
Schmidt categories, then, as for cluster-tilted algebras, we obtain the Auslander–Reiten quiver of
mod T from that of C by removing the vertices corresponding to indecomposables in ST .
Lemma. Let X,Y ∈ mod T . Then we have canonical isomorphisms
Hom(Y, τX) ∼−→ D Ext1(X,Y ) ∼−→ Hom(τ−1Y,X).
134 B. Keller, I. Reiten / Advances in Mathematics 211 (2007) 123–151Proof. Choose L, M in C such that FM = X and FL = Y . Form triangles
S−1M → T M1 → T M0 → M and S−1ΣT 1L → L → ΣT 0L → ΣT 1L
in C as in Proposition 2.1.We obtain an exact sequence
FS−1M → FT M1 → FTM0 → FM → 0
in mod T and its middle two terms are projective. Using this sequence we see that Ext1T (FM,FL)
is isomorphic to the middle cohomology of the complex
Hom
(
FTM0 ,FL
)→ Hom(FTM1 ,FL
)→ Hom(FS−1M,FL). (1)
Now if V is an object of C and
V → ΣT 0V → ΣT 1V → SV
a triangle as in Proposition 2.1, then we have, for each U of C, an exact sequence
C(U,ST 1V
)→ C(U,V ) → Hom(FU,FV ) → 0.
By applying this to the three terms in the sequence (1) and using the vanishing of Ext1 between
objects of T , we obtain that E = Ext1(FM,FL) is the intersection of the images of the maps
C(S−1M,ST 1L
)→ C(S−1M,L) and C(T M1 ,L
)→ C(S−1M,L).
By the exact sequences C(T M1 ,L) → C(S−1M,L) → C(S−1T M0 ,L) and
C(S−1M,ST 1L
)→ C(S−1M,L)→ C(S−1M,ΣT 0L
)
,
the group E also appears as a kernel in the exact sequence
0 → E → C(S−1M,L)→ C(S−1M,ΣT 0L
)⊕ C(S−1T M0 ,L
)
.
If we dualize this sequence and use the isomorphism
DC(U,V ) ∼−→ C(V ,ΣU) = C(V,S2U),
we obtain the exact sequence
C(ΣT 0L,SM
)⊕ C(L,ST M0
)→ C(L,SM) → DE → 0.
This proves the left isomorphism. The right one follows since τ is an equivalence. 
Now let X,Y be T -modules and S the stable Cohen–Macaulay category of mod T . We will
construct a canonical isomorphism
DS(Y,S2X) ∼−→ S(X,SY ).
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tive dimension at most 1, we have
HomS
(
Y,S2X
)= Ext2mod T (Y,X)
and
HomS(X,SY ) = cok
(
Ext1mod T (I, Y ) → Ext1mod T (X,Y )
)
,
by Lemma 3.2(b), where X → I is a monomorphism into an injective. We will examine
Ext2mod T (Y,X) and compare its dual with Ext
1
modT (X,Y ) as described by the Auslander–Reiten
formula. Choose M and L in C such that X = FM and Y = FL. Form the triangle
M → ΣT 0M → ΣT 1M → SM.
We obtain an exact sequence
0 → FM → FΣT 0M → FΣT 1M → FSM → FSΣT 0M
whose second and third term are injective. This is sufficient to obtain that Ext2(FL,FM) is
isomorphic to the middle homology of the complex
Hom
(
FL,FΣT 1M
)→ Hom(FL,FSM) → Hom(FL,FSΣT 0M
)
.
Now FΣT 1M → FSM is a right I-approximation and FM → FΣT 0M is a monomorphism into
an injective. Put I = FΣT 0M . Then we have
Ext2(FL,FM) = ker(Hom(FL, τFM) → Hom(FL, τI)).
Using the Auslander–Reiten formula, we obtain
D Ext2(FL,FM) ∼−→ cok(Ext1(I,FL) → Ext1(FL,FM))
and thus
D Ext2(Y,X) ∼−→ cok(Ext1(I, Y ) → Ext1(X,Y )),
where X → I is a monomorphism into an injective. This yields
DS(Y,S2X) ∼−→ S(X,SY )
as claimed.
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Let E be a k-linear Frobenius category with split idempotents. Suppose that its stable category
C = E has finite-dimensional Hom-spaces and is Calabi–Yau of CY-dimension 2. This situation
occurs in the following examples:
(1) E is the category of finite-dimensional modules over the preprojective algebra of a Dynkin
quiver as investigated in [27].
(2) E is the category of Cohen–Macaulay modules over a commutative complete local Goren-
stein isolated singularity of dimension 3.
(3) E is a Frobenius category whose stable category is triangle equivalent to the cluster category
associated with an Ext-finite hereditary category. Such Frobenius categories always exist by
[38, Section 9.9].
(4) E is a Frobenius category whose stable category is triangle equivalent to the bounded derived
category of coherent sheaves on a Calabi–Yau surface (i.e. a K3-surface). For example, one
obtains such a Frobenius category by taking the full subcategory of the exact category of left
bounded complexes of injective quasi-coherent sheaves whose homology is bounded and
coherent.
Let T ⊂ C be a cluster tilting subcategory and M ⊂ E the preimage of T under the pro-
jection functor. In particular, M contains the subcategory P of the projective-injective objects
in M. Note that T equals the quotient M of M by the ideal of morphisms factoring through a
projective-injective.
We know from Section 2 that mod M is abelian. In general, we cannot expect the category
mod M of finitely presented M-modules to be abelian (i.e. M to have weak kernels). How-
ever, the category Mod M of all right M-modules is of course abelian. Recall that the perfect
derived category per(M) is the full triangulated subcategory of the derived category of ModM
generated by the finitely generated projective M-modules. We identify Mod M with the full
subcategory of Mod M formed by the modules vanishing on P . The following proposition is
based on the methods of [3].
Proposition.
(a) For each X ∈ E , there is a conflation
0 → M1 → M0 → X → 0
with Mi in M. In any such conflation, the morphism M0 → X is a right M-approximation.
(b) Let Z be a finitely presented M-module. Then Z vanishes on P iff there exists a conflation
0 → K → M1 → M0 → 0
with M0,M1 in M such that Z = cok(M∧1 → M∧0 ), where M∧ denotes the M-module
represented by M ∈M. In this case, we have
Z
∼−→ Ext1E (?,K)|M.
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and we have a canonical isomorphism
D per(M)(Z, ?) ∼−→ per(M)(?,Z[3]).
Proof. (a) Indeed, we know that there is a triangle
M1 → M0 → X → SM1
in E with M1, M0 in T . We lift it to the required conflation.
(b) Clearly, if Z is of the form given, it vanishes on P . Conversely, suppose that Z is finitely
presented with presentation
M∧1
p∧−−→ M∧0 → Z → 0
and vanishes on P . Then each morphism P → M0 with P ∈ P lifts along p. Now let q :P0 →
M0 be a deflation with projective P0. Then we have q = pq ′ for some q ′. Clearly, the morphism
M1 ⊕ P0 → M0
with components p and q is a deflation and M1 → M0 is a retract of this deflation: The retraction
is given by [1, q ′] and the identity of M0. Since E has split idempotents, it follows that M1 → M0
is a deflation. The last assertion follows from the vanishing of Ext1E (M,M1) for all M in M.(c) Clearly, each representable M-module is finitely presented as an M-module. Since a
cokernel of a morphism between finitely presented modules is finitely presented, the module Z
considered as an M-module is finitely presented. So we can choose a conflation
0 → K → M1 → M0 → 0
as in (b). Now choose a conflation
0 → M3 → M2 → K → 0
with Mi in M as in (a). Then the image of the spliced complex
0 → M3 → M2 → M1 → M0 → 0
under the Yoneda functor M → Mod M is a projective resolution P of Z. So Z belongs to
per(M). We now prove the duality formula. We will exhibit a canonical linear form φ on
per(M)(P,P [3]) and show that it yields the required isomorphism. We have
per(M)(P,P [3])= per(M)(P,Z[3])= cok(Hom(M∧2 ,Z
)→ Hom(M∧3 ,Z
))
and this is also isomorphic to
cok
(
Z(M2) → Z(M3)
)= cok(Ext1E (M2,K) → Ext1E (M3,K)
)
.
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0 → M3 → M2 → K → 0
yields an exact sequence
Ext1E (M2,K) → Ext1E (M3,K) → Ext2E (K,K).
Thus we obtain an injection
per(M)(P,P [3]) → Ext2E (K,K) = E
(
K,S2K
)
.
Now since C = E is Calabi–Yau of CY-dimension 2, we have a canonical linear form
ψ :E(K,S2K)→ k
and we define φ to be the restriction of ψ to per(M)(P,P [3]). Then φ yields a morphism
per(M)(?,P [3])→ D per(M)(P, ?)
which sends f to the map g → φ(fg). Clearly this is a morphism of cohomological functors
defined on the triangulated category per(M). To check that it is an isomorphism, it suffices to
check that its evaluation at all shifts SiM∧, i ∈ Z, of representable functors M∧ is an isomor-
phism. Now indeed, we have
per(M)(SiM∧,P [3])= per(M)(SiM∧,Z[3])= Ext3−i(M∧,Z).
This vanishes if i = 3 and is canonically isomorphic to
Ext1E (M,K)
for i = 3. On the other hand, to compute per(M)(P,SiM∧), we have to compute the homology
of the complex
0 → E(M0,M) → E(M1,M) → E(M2,M) → E(M3,M) → 0.
From the exact sequences
0 → E(M0,M) → E(M1,M) → E(K,M) → Ext1E (M0,M)
and
0 → E(K,M) → E(M2,M) → E(M3,M) → Ext1E (K,M) → Ext1E (M2,M),
using that Ext1E (M0,M) = 0 = Ext1E (M2,M), we get that the homology is 0 except at E(M3,M),
where it is Ext1E (K,M0). Now we know that the canonical linear form on Ext
2
E (K,K) yields a
canonical isomorphism
Ext1E (M,K)
∼−→ D Ext1E (K,M)
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per(M)(M∧[3],P [3])→ D per(M)(P,M∧[3]). 
The following corollary generalizes Proposition 6.2 of [27]. The fact that modM is abelian
and of global dimension 3 is a special case of the results of [32].
Corollary. Suppose that E is abelian. Then modM is abelian of global dimension at most 3 and
for each X ∈ modM and each Y ∈ modM, we have canonical isomorphisms
ExtimodM(X,Y )
∼−→ D Ext3−imodM(Y,X), i ∈ Z.
If M contains a non-zero object, then modM is of global dimension exactly 3.
Proof. Let X be a finitely presented M-module and let
M∧1 → M∧0 → X → 0
be a presentation. We form the exact sequence
0 → K → M1 → M0
and then choose an exact sequence
0 → M3 → M2 → K → 0
using part (a) of the proposition above. By splicing the two, we obtain a complex
0 → M3 → M2 → M1 → M0 → 0,
whose image under the Yoneda functor is a projective resolution of length at most 3 of X. This
shows that M admits weak kernels (hence mod M is abelian) and that mod M is of global
dimension at most 3. Thus the perfect derived category coincides with the bounded derived cat-
egory of mod M. Now the claim about the extension groups is obvious from the proposition.
For the last assertion, we choose X to be a non-zero M-module. Then Ext3modM(X,X) is non-
zero. 
5. Relative (d + 1)-Calabi–Yau duality
5.1. d-cluster tilting subcategories
Let k be a field and C a triangulated k-linear category with split idempotents and suspension
functor S. We suppose that all Hom-spaces of C are finite-dimensional and that C admits a Serre
functor Σ , cf. [44]. Let d  1 be an integer. We suppose that C is Calabi–Yau of CY-dimension d ,
i.e. there is an isomorphism of triangle functors
Sd
∼−→ Σ.
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For X,Y ∈ C and n ∈ Z, we put
Extn(X,Y ) = C(X,SnY ).
Assume that T ⊂ C is a d-cluster tilting subcategory. By this, we mean that T is maximal
(d − 1)-orthogonal in the sense of Iyama [33], i.e.
(a) T is a k-linear subcategory,
(b) T is functorially finite in C, i.e. the functors C(?,X)|T and C(X, ?)|T are finitely generated
for all X ∈ C,
(c) we have Exti (T , T ′) = 0 for all T ,T ′ ∈ T and all 0 < i < d , and
(d) if X ∈ C satisfies Exti (T ,X) = 0 for all 0 < i < d and all T ∈ T , then T belongs to T .
Note that (a)–(c) are self-dual and so is (d) (by the Calabi–Yau property). For d = 1, we have
T = C by condition (d). This definition is slightly different from that in [47] but most probably
equivalent in the context of [loc.cit.]. As in Section 2, one proves that mod T , the category of
finitely presented right T -modules, is abelian. Let
F :C → mod T
be the functor which sends X to the restriction of C(?,X) to T . For classes U , V of objects of T ,
we denote by U ∗ V the full subcategory of all objects X of C appearing in a triangle
U → X → V → SU.
Lemma. Suppose that d  2. For each finitely presented module M ∈ mod T , there is a triangle
T0 → T1 → X → ST0
such that FX is isomorphic to M . The functor F induces an equivalence
U/(ST ) → mod T ,
where U = T ∗ ST and (ST ) is the ideal of morphisms factoring through objects ST , T ∈ T .
Proof. Since T has split idempotents, the functor F induces an equivalence from T to the cat-
egory of projectives of mod T . Now let P1 → P0 → M → 0 be a projective presentation of M .
Choose a morphism T1 → T0 of T whose image under F is P1 → P0. Define X by the triangle
T1 → T0 → X → ST1.
Then, since Ext1(T ,T1) vanishes for T ∈ T , we get an exact sequence FT1 → FT0 → FX → 0
and hence an isomorphism between FX and M . This also shows that F is essentially surjective
since X clearly belongs to U . One shows that F is full by lifting a morphism between modules
to a morphism between projective presentations and then to a morphism between triangles. One
shows that the kernel of F |U is (ST ) as in Section 2. 
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One can use Proposition 5.6 below (cf. also [20,47,48]) to produce the following examples:
Consider the algebra A given by the quiver
1 2
3 4
with the relations given by all paths of length 2. Then A is 3-cluster tilted of type A4. It is self-
injective hence Gorenstein. It is not hard to check that its stable category is 4-Calabi–Yau. More
generally, a finite-dimensional algebra of radical square 0 whose quiver is an oriented cycle with
d + 1 vertices is d-cluster-tilted of type Ad+1, self-injective and stably (d + 1)-Calabi–Yau.
Let A be the algebra given by the quiver
◦ ◦
◦ ◦ ◦
◦ ◦
subject to the relations αβ = 0 for all composable arrows α, β which point in different directions
(the composition of the long skew arrows in non-zero). Then A is 3-cluster tilted of type A7.
One can show that it is Gorenstein of dimension 1 and that its stable Cohen–Macaulay category
is 3-Calabi–Yau.
5.3. A counterexample
The following example due to Osamu Iyama shows that part (d) of Proposition 2.1 does not
generalize from the 2-dimensional to the d-dimensional case: It is an example of a 3-cluster
tilting subcategory of a 3-Calabi–Yau triangulated category which is not Gorenstein.
Let k be a field of characteristic = 3 and ω a primitive third root of 1. Let S = kt, x, y, z
and let the generator g of G = Z/3Z act on S by
gt = ωt, gx = ωx, gy = ω2y and gz = ω2z.
Then the algebra SG is commutative, an isolated singularity and Gorenstein of dimension 4,
its category of maximal Cohen–Macaulay modules E = CM(SG) is Frobenius and the stable
category C = CM(SG) is 3-Calabi–Yau. The SG-module S is maximal Cohen–Macaulay and the
subcategory T formed by all direct factors of finite direct sums of copies of S in C is a 3-cluster
tilting subcategory. As an SG-module, S decomposes into the direct sum of three indecomposable
submodules Si , i = 0,1,2, formed respectively by the f ∈ S such that gf = ωif . Note that
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to the completed path category of the quiver
0
1 2
subject to all commutativity relations, where, between any two vertices, the arrows pointing
counterclockwise are labelled t and x and the arrows pointing clockwise y and z. The vertex 0
corresponds to the indecomposable projective S0, which vanishes in the stable category C. There-
fore the full subcategory ind(T ) of C is given by the quiver
1 2
subject to the relations given by all paths of length  2. It is easy to see that the free modules
T (?, Si), i = 1,2, are of infinite injective dimension. Thus, T is not Gorenstein.
5.4. Relative (d + 1)-Calabi–Yau duality
Let d be an integer  1. Let E be a k-linear Frobenius category with split idempotents. Sup-
pose that its stable category C = E has finite-dimensional Hom-spaces and is Calabi–Yau of
CY-dimension d . Let T ⊂ C be a d-cluster tilting subcategory and M ⊂ E the preimage of
T under the projection functor. In particular, M contains the subcategory P of the projective-
injective objects in E . Note that T equals the quotient M of M by the ideal of morphisms
factoring through a projective-injective.
We call a complex M-acyclic if it is acyclic as a complex over E (i.e. obtained by splicing
conflations of E) and its image under the functor X → E(?,X)|M is exact.
Theorem.
(a) For each X ∈ E , there is an M-acyclic complex
0 → Md−1 → Md−2 → ·· · → M0 → X → 0
with all Mi in M.
(b) For each finitely presented M-module Z, there is an M-acyclic complex
0 → Md+1 → Md → ·· · → M1 → M0 → 0
together with isomorphisms
Z
∼−→ cok(E(?,M1) → E(?,M0)
) ∼−→ Ext1E (?,Z1),
where Z1 is the kernel of M1 → M0.
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and we have a canonical isomorphism
per(M)(?,Z[d + 1]) ∼−→ D per(M)(Z, ?).
Proof. (a) We choose a right T -approximation M ′0 → X in C and complete it to a triangle
Z′0 → M ′0 → X → SZ′0.
Now we lift the triangle to a conflation
0 → Z0 → M0 → X → 0.
By repeating this process we inductively construct conflations
0 → Zi → Mi → Zi−1 → 0
for 1 i  d − 1. We splice these to obtain the complex
0 → Zd−1 → Md−2 → ·· · → M0 → X → 0.
It follows from 5.5 below that Md−1 = Zd−1 belongs to M.
(b) As in Section 4, one sees that there is a conflation
0 → Z1 → M1 → M0 → 0
together with isomorphisms
Z
∼−→ cok(E(?,M1) → E(?,M0)
) ∼−→ Ext1E (?,Z1).
Now we apply (a) to X = Z1.
(c) Let P be the complex constructed in (b). We have
per(M)(P,P [d + 1])= per(M)(P,Z[d + 1])= cok(Z(Md) → Z(Md+1)
)
.
Since Z ∼−→ Ext1E (?,Z1), we have to compute
cok
(
Ext1E (Md,Z1) → Ext1E (Md+1,Z1)
)
.
Put X = SZ1. We have Ext1E (?,Z1) = E(?, SZ1) = E(?,X) and so we have to compute
cok
(E(Md,X) → E(Md+1,X)
)
.
We now apply part (c) of Proposition 5.5 to the image in E of the complex
0 → Md+1 → Md → ·· · → Md
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cok(GMd → GMd+1) = GS−(d−1)Y = E
(
S−(d−1)Y, ?
)= E(S−dX, ?).
This yields in particular that
cok
(E(Md,X) → E(Md+1,X)
)= E(S−dX,X)= C(X,SdX).
Thus, the canonical linear form on C(X,SdX) yields a morphism
per(M)(?,P [d + 1])→ D per(M)(P, ?).
We have to check that it is an isomorphism on all representable functors M∧[i], i ∈ Z, M ∈M.
Now the group
per(M)(M∧[i],P [d + 1])= per(M)(M∧,Z[d + 1 − i])
vanishes if i = d + 1 and equals E(M,X) for i = d + 1. On the other hand, we have to compute
the group
per(M)(P,M∧[i]).
For i = d + 1, it is isomorphic to E(S−dX,M) by part (c) of Proposition 5.5. If we do not have
2 i  d + 1, it clearly vanishes. For 2 i  d , it is the image of
E(Zi−1,M) → Ext1(Zi−2,M).
But Ext1E (Zi−1,M) = E(Zi−2, SM) vanishes because Zi−2 is an iterate extension of objects in
S−(i−2)T , . . . , S−1T , T . 
5.5. Triangular resolutions
We work with the notations and assumptions of Section 5.1 and assume moreover that d  2.
Let Y be an object of C. Let T0 → Y be a right T -approximation of Y . We define an object Z0
by the triangle
Z0 → T0 → Y → SZ0.
Now we choose a right T -approximation T1 → Z0 and define Z1 by the triangle
Z1 → T1 → Z0 → SZ1.
We continue inductively constructing triangles
Zi → Ti → Zi−1 → SZi
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The triangles
Zi → Ti → Zi−1 → SZi
yield morphisms
S−(d−1)Y → S−(d−2)Z0 → ·· · → S−1Zd−3 → Zd−2
so that we obtain a complex
S−(d−1)Y → Td−1 → Td−2 → ·· · → T1 → T0 → Y.
Put T -mod = mod(T op). Let F :C → mod T and G :C → T -mod be the functors which take
an object X of C to C(?,X)|T respectively C(X, ?)|T . The following proposition is related to
Theorem 2.1 of [33].
Proposition. In the above notations, we have:
(a) The object Td−1 = Zd−2 belongs to T .
(b) The image of the complex
Td−1 → Td−2 → ·· · → T1 → T0 → 0
under F has homology FY in degree 0.
(c) The image of the complex
0 → Td−1 → Td−2 → ·· · → T1 → T0
under G has homology GS−(d−1)Y in degree d − 1. If Y belongs to (S−1T ) ∗ T , then its
homology in degree d − 2 vanishes.
Proof. (a) From the construction of the Zi , we get that, for T ∈ T , we have
Ext1(T ,Zi) = 0
for all i and that
Extj (T ,Zi) ∼−→ Extj−1(T ,Zi−1) ∼−→ · · · ∼−→ Ext1(T ,Zi−j+1) = 0
for all 2  j  i + 1. Thus we have Extj (T ,Zd−2) = 0 for 1  j  d − 1 and Zd−1 indeed
belongs to T .
(b) This follows readily from the construction.
(c) We consider the triangle
S−1Td−2 → S−1Zd−3 → Td−1 → Td−2.
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of C(S−1Td−2, T ) shows that we have the isomorphism
cok
(C(Td−2, T ) → C(Td−1, T )
) ∼−→ C(S−1Zd−3, T
)
.
Now for −1 i  d − 4, the maps S−1Zi → Zi+1 induce isomorphisms
C(S−(d−2)+i+1Zi+1, T
) ∼−→ C(S−(d−2)+iZi, T
)
because of the triangles
SiTi+1 → SiZi → Si+1Zi+1 → Si+1Ti+1
and the fact that
C(S−(d−2)+iTi+1, T
)= 0 = C(S−(d−2)+i+1Ti+1, T
)
.
Here, we have taken Z−1 = Y . Finally, we obtain the isomorphism
cok
(C(Td−2, T ) → C(Td−1, T )
) ∼−→ C(S−(d−1)Y, T ).
For the last assertion, let T ∈ T . By the sequence
Td−1 → Td−2 → Zd−3 → STd−1,
the sequence
C(Zd−3, T ) → C(Td−2, T ) → C(Td−1, T )
is exact so that it suffices to show that
C(Td−3, T ) → C(Zd−3, T )
is surjective. Thanks to the triangle
S−1Zd−4 → Zd−3 → Td−3 → Zd−4,
it suffices to show that C(S−1Zd−4, T ) vanishes. This is clear because the object Zd−4 is an
iterated extension of objects in
S−(d−2)T , S−(d−3)T , . . . , S−1T , T . 
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Let H be an Ext-finite hereditary k-linear Krull–Schmidt category whose bounded derived
category D =Db(H) admits a Serre functor Σ . Let d  2 be an integer. The d-cluster category
C =D/(S−d ◦Σ)Z,
has been considered in [38,47,48]. Let π :D→ C be the projection functor. Let T ⊂D be a tilting
subcategory, i.e. a full subcategory whose objects form a set of generators for the triangulated
category D and such that
D(T ,SiT ′)= 0
for all T ,T ′ ∈ T and all i = 0. It follows that there is a triangle equivalence, cf. [36],
Db(mod T ) →Db(H)
which takes the projective module T ∧ = T (?, T ) in mod T to T , for each T ∈ T . We assume
that T is locally bounded, i.e. for each indecomposable T , there are only finitely many indecom-
posables T ′ in T such that T (T ,T ′) = 0 or T (T ′, T ) = 0. We denote the Nakayama functor of
mod T by ν. Recall from Section 3.7 of [24] that it is the unique functor endowed with isomor-
phisms
D Hom(P,M) = Hom(M,νP )
for all finitely generated projectives P and all finitely presented T -modules M . It follows that
if we view a projective P as an object of Db(mod T ), we have ΣP ∼−→ νP . The category of
finitely generated projectives is functorially finite in Db(mod T ): Indeed, if M is an object of
Db(mod T ), we obtain a left approximation by taking the morphism P → M induced by an
epimorphism P → H 0(M) with projective P , and we obtain a right approximation by taking
the morphism M → P ′ induced by a monomorphism H 0(ΣM) → νP ′ into an injective νP ′.
Therefore, T is functorially finite in D.
The first part of the following proposition is proved in Section 3 of [12] for hereditary cat-
egories with a tilting object for d = 2, see also Proposition 2.6 of [49]. For arbitrary d , it was
proved in [48] when T is given by a tilting module over a hereditary algebra. The second part
has been proved in [2] for d = 2 and hereditary algebras.
Proposition. Assume that the objects of T have their homology concentrated in degrees i with
−(d − 2)  i  0. Then π(T ) is a d-cluster tilting subcategory in C and for all objects T ,T ′
of T , we have a functorial isomorphism compatible with compositions
π(T )(π(T ),π(T ′))= T (T ,T ′)⊕ ExtdT
(
νT ∧, T ′∧
)
.
Note that the proposition does not produce all d-cluster tilting subcategories of C. For exam-
ple, as one checks easily, the non-connected algebra k × k is 3-cluster tilted of type A2.
Proof. Put F = Σ−1Sd . For n ∈ Z, denote by Dn the full subcategory of D formed by the
objects X with Hi(X) = 0 for i > n and by Dn the full subcategory formed by the Y with
148 B. Keller, I. Reiten / Advances in Mathematics 211 (2007) 123–151Hi(Y ) = 0 for i < n. Then D0 and D0 are the aisles of the natural t-structure on D. Thus
the subcategory D1 is the right perpendicular subcategory of D0 and we have in particular
Hom(X,Y ) = 0 if X ∈D0 and Y ∈D1. SinceH is hereditary, we also have Hom(X,Y ) = 0 if
X ∈D0 and Y ∈D−2. We have FD0 ⊂D−(d−1). Indeed, for X ∈D0 and Y ∈D−(d−2),
we have
D(FX,Y ) =D(Σ−1SdX,Y )= DD(Y,SdX)= 0
because SdX belongs to D−d and Y to D−d+2.
Let X ∈D. Since we have T ∈D0 ∩D−(d−2), there are only finitely many integers n such
that D(T ,F nX) = 0 or D(F nX,T ) = 0 for some T ∈ T . Since T is functorially finite in D, it
follows that π(T ) is functorially finite in C.
Let us show that for T ,T ′ ∈ T , the space D(T ,SiF nT ′) vanishes for 0 < i and n 0. This is
clear if n = 0. For n 1, we have
SiF nT ′ ∈D−n(d−1)−i and T ∈D−(d−2).
Since we have
−(d − 2)+ n(d − 1)+ i = (n− 1)(d − 1)+ 1 + i  2
it follows that D(T ,SiF nT ′) vanishes because H is hereditary.
Let us show that D(F nT ,SiT ′) vanishes for i < d and n > 0. Let us first consider the case
n = 1. Then we have
D(FT ,SiT ′)=D(Σ−1SdT ,SiT ′)= DD(SiT ′, SdT )= DD(T ′, Sd−iT )= 0
since i < d . Now assume that n > 1. Then we have
FnT ∈D−n(d−1) and SiT ′ ∈D−(d−2)−i .
Since we have
−(d − 2)− i + n(d − 1) = (n− 1)(d − 1)+ 1 − i  (d − 1)+ 1 − i = d − i > 0,
it follows that Hom(F nT ,SiT ′) vanishes.
We conclude that D(T ,SiF nT ′) vanishes for 0 < i < d and all n ∈ Z so that we have
C(T ,SiT ′)= 0
for 0 < i < d . By re-examining the above computation, we also find that D(T ,F nT ′) vanishes
for each integer n = 0,1 and that we have
D(T ,FT ′) =D(T ,Σ−1SdT ′)=D(ΣT,SdT ′)= per(T )(ΣT ∧, SdT ′∧)= ExtdT
(
νT ∧, T ′∧
)
.
Let X ∈D. Let us show that if
Exti
(
π(T ),π(X)
)= 0
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posable and belongs to
D0 ∩D−(d−1).
Let U0, U0 be the aisles obtained as the images of the natural aisles in Db(mod T ) under the
triangle equivalence Db(mod T ) ∼−→D associated with T . We claim that we have
D0 ⊂ U(d−1).
Indeed, for Y ∈D0 and i  d , we have S−iT ∈D2 so that D(S−iT , Y ) = 0 and this implies
the claim. Since X lies inD0 it follows that X ∈ U(d−1). Now the assumption on X yields that
D(S−iT ,X)= 0
for 0 < i  d − 1. Thus X lies in U0. Now we claim that we have
D0 ⊂ U0.
Indeed, for Y ∈D0 and i > 0, we haveD(SiT ,Y ) = 0 since SiT ∈D<0. This implies the claim.
Since X lies in D−(d−1), it follows that X lies in U−(d−1). Finally, for T ∈ T and 0 < i < d ,
we have
0 =D(T ,SiFX)=D(T ,Si−dΣX)= DD(Si−dX,T )= DD(X,Sd−iT ).
Thus we have D(X,SiT ) = 0 for 0 < i < d . But since X lies in D−(d−1) and T in D0 we
also have D(X,SiT ) = 0 for all i  d . Thus X is left orthogonal to U−1. Therefore, the ob-
ject Y ∈Db(mod T ) corresponding to X via the triangle equivalence associated with T is in
Db0(mod T ) and left orthogonal to Db−1(mod T ). Since mod T is of finite global dimension,
this implies that Y is a projective T -module. So X lies in T . 
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